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ABSTRACT. This paper is concerned with inference on finite dimensional parameters in semi-
parametric moment condition models, where the moment functionals are linear with respect to
unknown nuisance functions. By exploiting this linearity, we reformulate the inference problem
via the Riesz representer, and develop a general inference procedure based on nonparametric
likelihood. For treatment effect or missing data analysis, the Riesz representer is typically
associated with the inverse propensity score even though the scope of our framework is much
wider. In particular, we propose a two-step procedure, where the first step computes the projec-
tion weights to approximate the Riesz representer, and the second step re-weights the moment
conditions so that the likelihood increment admits an asymptotically pivotal chi-square calibra-
tion. Our re-weighting method is naturally extended to inference on treatment effects and data
combination models, and other semiparametric problems. Simulation and empirical examples

illustrate usefulness of the proposed method.

1. INTRODUCTION

There is a broad and important class of semiparametric models where finite dimensional pa-
rameters of interest are defined by moment conditions involving unknown nuisance functions,
such as conditional mean functions. Examples include inference on missing at random observa-
tions, treatment effects, policy interventions, weighted average derivatives, and data combination
models. Many such semiparametric models share a common feature: the moment functions for
identifying the finite dimensional parameters are linear with respect to the unknown functions.
By using the Riesz representation theorem, this linearity allows us to reformulate the original
moment conditions as multiplicative or weighted moment conditions, where the weight function
is given by the so called Riesz representer.

In the context of treatment effect analysis, this weight function is associated with balancing
weights or the inverse propensity score. Recently, several methods that directly balance the
distributional characteristics of covariates have been proposed (Hainmueller, 2012; Zubizarreta,
2015; Graham, Pinto and Egel, 2012, 2016; Athey, Imbens and Wager, 2018; Chan, Yam and
Zhang, 2016). These methods, based on balancing weights, have been employed to obtain point
estimates for the population parameters of interest, and the above authors have reported superior
performance for the empirical balancing approach.

The purpose of this paper is to (i) develop a general framework of semiparametric inference
for linear functional models (which covers the balancing weights as a special case), and (ii)
construct a new weighting scheme that would be useful for conducting statistical inference (i.e.,
interval estimation and hypothesis testing) as opposed to point estimation. In our framework, the

balancing weights are interpreted as the Riesz representer for the moment conditions of the linear



functional models. Notably, since our framework allows the Riesz representer to take negative
values, we are able to cover examples beyond the treatment effect or missing data analysis, such
as weighted average derivatives, effects of policy interventions, data combination models, and
bounds on consumer surplus. Our weighting scheme is composed of two steps. In the first step,
we compute estimates of the Riesz representer for each observation using a projection argument.
These estimates, called the projection weights, may take negative values, so they can be applied
for general linear models. Then, in the second step, we re-weigh the moment conditions so that
the resulting objective function admits an asymptotic chi-square calibration. In particular, in
the second step, we capture the nonparametric likelihood increment in going from the baseline
likelihood based on the projection weights to the one obtained by adding the identifying moment
conditions for the parameters of interest. Since our likelihood ratio statistic is asymptotically
pivotal, the resulting confidence set circumvents estimation of the asymptotic variance, which
typically involves several nonparametric components (e.g., conditional means and variances and
the Riesz representer). Also the confidence set is range preserving and transformation respecting,
and its shape is determined by the data.

Our re-weighting method for constructing asymptotically pivotal statistics can be naturally
extended for inference on treatment effect and data combination models. For treatment effects,
we can employ empirical projection weights - which are similar to the empirical balancing weights
of Hainmueller (2012) and Chan, Yam and Zhang (2016) - and reweigh the moment conditions
in the second step to yield an asymptotically pivotal likelihood ratio statistic. Our approach
is general enough to cover average and quantile treatment effects, among other quantities. For
the data combination models, we consider the setup of Chen, Hong and Tarozzi (2008) and the
Reisz representer is then related to projection weights that approximate the odds ratio of the
propensity scores. Our simulation evidence and empirical example illustrate the usefulness of
the proposed method.

We emphasize that treatment effect analysis is just one example in our framework. It can also
be applied to settings such as effects of policy interventions and bounds on consumer surplus.
More broadly, this paper contributes to the literature of estimation and inference on semipara-
metric models via the Riesz representer. For example, Newey and Robins (2018) first introduced
a series-based estimator for the Riesz representer and considered estimation of finite dimensional
parameters with fast decays for the remainders. Chernozhukov, Newey and Singh (2020) con-
sidered L;-regularized Riesz representers for high dimensional scenarios. Hirshberg and Wager
(2018) proposed to estimate the Riesz representer by applying the minimax approach. However,
none of these papers focuses on likelihood-based inference on finite dimensional parameters by
developing a asymptotically pivotal statistic.

This paper also contributes to the literature on empirical likelihood methods (see, Owen,
2001, for a survey). Qin and Zhang (2007) introduced the empirical likelihood approach for
missing response problems with parametric propensity scores. Subsequently, Qin, Zhang and
Leung (2009) proposed a unified empirical likelihood approach to missing data problems. We
refer Qin (2017) for a comprehensive survey on the empirical likelihood methods, particularly

in the context of missing and biased samples.



This paper is organized as follows. Section 2 introduces the basic setup and some examples.
In Section 3, we develop the re-weighted nonparametric likelihood ratio statistic. Section 4 dis-
cusses extensions to inferences on treatment effects, data combination models, high-dimensional
covariates by approximate balancing, and over-identified models. Sections 5 and 6 present sim-

ulation results and a real data example, respectively.

2. SETUP AND EXAMPLES

Our dataset consists of a random sample of (X,Y) ~ P with support X x Y C R% x R%. Let
E[] be expectation under P and L% = {f : X — R,E[f(X)?] < oco}. We consider inference on
a finite dimensional vector of parameters 8y € © C R% that can be identified by the moment
conditions

E[m(X,~y),60)] =0  forl=1,...,dy, (1)

where for each x € X and 0 € ©, v — m(x,~,0) is a known linear mapping such that m(x,~, 6)—
m(z,0,0) is linear in v € L%, and 'yéé)(-) = ErW(Y, X,600)|X = -] € L% is the conditional
expectation function for some known function h) : Y x X x © — R.

Based on this moment condition, we are interested in testing the parameter hypothesis
Hp : 0y =c¢ against H;j : 6y # c,

for a given ¢ € R%. Assume that v — E[m(X,~,0)] is a continuous mapping on L%. Then by

the Riesz representation theorem, there exists a unique Riesz representer oy, : X — R such that
E[m(X,v,00) —m(X,0,6)] = Elag, (X)y(X)] for each v € L%. (2)

By (2) and the law of iterated expectations, the moment condition (1) can be alternatively
written as
Elog, (X)hD(Y, X, 00) + m(X,0,00)] =0  forl=1,...,ds. (3)

Note that (1) does not restrict how 6y enters to m or h. Therefore, vy, and/or ag, may depend
on 0y in possibly nonlinear manners.
This setup nests many well-known statistical inference problems. We give some examples

below. Further examples are provided in Section 4.

Example 1 (Missing data model). Consider a sequence of random variables {Y1;, Z;}¥;, where
Y1; is observed only for a limited selection of individuals, and Z; is a observable vector of
covariates. In particular, we observe Y; = Yy;D; for all i = 1,..., N, where D; is the selection
indicator (taking the value of one if Y7; is observable, and zero otherwise). We wish to conduct

statistical inference on the parameter 6y, which is identified by the moment condition
E[T,Z)(Yl, Z7 90)] = 07 (4)

where 1) is possibly nonlinear in 6. Let X = (D, Z), h(Y, X,0) = (Y, Z,6p), and vp,(d, z) =
E[r(Y,Z,00)|D = d,Z = z]. Further assume that ignorability (i.e., ¥; L D|X) and overlap
assumptions hold. Then it is easy to see that the identifying moment (4) can be rewritten as

E[vs,(1,2Z)] = 0. In this case, m(X,~g,,00) = 7o,(1, Z), and the Riesz representer is written as



OZQO (d, Z) = m SO that
Elag, (X)(Y, X, 60)] = 0. (5)

Example 2 (Average effect after policy intervention). Let vo(z) = E[Y|X = z] be the condi-
tional expectation and 7(-) be a known policy function shifting the distribution of X to 7(X)
after the policy intervention. The average policy effect is defined as Elvyo(m(X))] — E[yo(X)].
The first term 6y = E[yo(7(X))] can be analyzed by setting m(z,~o,00) = Yo(w(z)) — Oy and
h(y,z) = y. Then the Riesz representer can be found by applying change of measure so that
ap(x) = %(x), where F; is the cdf of 7(X), and E[ag(X)h(Y, X) — 6] = 0.

Example 3 (Bound on average equivalent variation and cosumer surplus). Let P; and P, denote
the price of good 1 and a vector of prices of other goods in the consumption set, respectively.
Also let V and ) be consumer’s income and the quantity of good 1 bought by the consumer,
respectively. We are interested in determining an upper bound 6y on the average equivalent
variation for a price change from p, to p, of good 1, averaged over the other prices P» and
income V. Let B denote a lower bound on the income effect for all individuals. Hausman and
Newey (2017) showed that
60 =E[[ 100, V)0(p. P2, V)

where I(p,V) = w(V)[{ps < p < pp}exp(—B(p — ps)) with some known function w, and
Yo(P1, P, V) = E[Q|P1, P2, V]. It is easy to see that this setting can be subsumed into our
framework by letting X = (P, P»,V), and m(X,v0,00) = [I(p,V)y0(p, P2, V)dp — 6. The
bound on the consumer surplus can be obtained similarly: we simply get rid of the conditioning

variable P, in the above setup.

Example 4 (Average derivative). Consider the average partial derivative of the regression
function yo(x) = E[Y|X = z]:

b0 = E [w(X)aVO(X)] 7

Ox
for some known weight function w(-). In this case, vg, and h(Y, X, 6y) do not involve y, and we
LSS”) —0p and h(y,z) = y. Assuming w(z) = 0 at boundaries of X,

the Riesz representer is obtained as g, (x) = — fxl(x) d[w(xgg x@] where fx is the density of X.

set as m(x,y0,00) = w(z)

3. REWEIGHTED NONPARAMETRIC LIKELIHOOD INFERENCE

In this section we present our inference method for 8y defined by the linear functional model
in (1), or alternatively (3). Let {q;(-)}72; denote basis functions for the space L%. Then the

condition for the Riesz representer oy, in (2) is equivalent to the infinite set of moment conditions
E[m(X,qj,60) — m(X,0,6p) — ag,(X)q;(X)] =0, forall j=1,2,.... (6)

The equivalence between (2) and (6) exploits the fact that v — m(-,~, ) is an linear functional,
which ensures that for each v € L%O there exists some sequence {¢; To1 satisfying > o0, 5]2 < 00
and E[m(Xa s 90) - m(Xa 0, 90)] = ]o'il ng[m<X7 dj, 00) - E[m(Xv 0, 90)]

4



To approximate the Riesz representer agp,, we employ a finite but growing number of the
moment conditions from (6). Let Qx(-) = (q1(*),--.,qx(:)) denote a vector of basis func-
tions of dimension k, and Mg (X;,0y) denote a K-dimensional vector whose k-th element is
m (X, qx, 0o) — m(X;,0,00) for k=1,..., K. As in Newey and Robins (2018), we approximate

{ag, (X))}, by the projection weights {&;}Y ;, which are obtained as a solution of

A 1N
L min o ; of st ;{MK(XZ-, 0o) — iQk (Xi)} =0,
i.e.,
1Y T
& = Qr(Xi) | > Qr(X)Qr(Xi) N > M (Xi, f0), (7)
i=1 =1
fori =1,..., N. Following Qiu (2020), one can interpret E[ag, (X )?] as the residual variance for

estimation of 6, and sup,ec ;2 E[m(X,~,00) — ag,(X)~] as the residual bias. Thus, (7) has an
attractive interpretation of minimizing the empirical variance subject to a zero empirical bias
constraint within the sieve space spanned by Qx(+).

The construction of (7) is similar to, but distinct from, the empirical balancing weights that
have been proposed in the literature on missing data, see e.g., Zubizarreta (2015), Chan, Yam
and Zhang (2016), and Qiu and Otsu (2018). Recall that in Example 1 on missing data models,
the Riesz representer is expressed as ag,(D;, Z;) = D;/P(D; = 1|Z;). The empirical balancing
weights estimate the ‘tilting function’, 1/P(D; = 1|Z;), instead of directly estimating o, (D;, Z;).
Although the estimates of ag,(D;, Z;) are only computed for observations without missing out-
comes (but note that ag,(D;, Z;) = 0 when D; = 0 anyway), given the empirical balancing
weights (say, w;), it is straightforward to obtain the estimates &; of «; as &; = w; when D; =1,
and &; = 0 otherwise. A drawback of the empirical balancing weights, however, is that they are
not applicable more generally, e.g., to average derivative estimation, where the Riesz representer
may take negative values.

Based on the projection weights {4;}; in (7), we now construct our nonparametric like-
lihood function. The basic idea is to ‘re-weigh’ both the moment functions (2) and (3) after
incorporating the the projection weights in (7). The 're-weighted’ likelihood ratio then captures
the likelihood increments associated with (3). Formally, let

2

¢§(w) = §(§+1)

{(Nw)* =1},

denote the Cressie and Read (1984) power divergence family if ¢ # —1,0, otherwise ¢_1(w) =
—2log(nw) and ¢p(w) = 2nw log(nw). The cases of ¢ = —1 and ¢ = 0 are often called empirical
likelihood and exponential tilting, respectively. Other popular choices for ¢ include the Neyman’s
modified x? (¢ = 1), Hellinger or Freeman-Tukey (s = —1/2), and Pearson’s x? (¢ = —2). Based
on this divergence, we consider the following re-weighting scheme:

N
t(00) =  min > be(wi),
=1

W1 yeeesW



N N
st Y wi{ M(Xi,00) — @Qr(Xi)} =0, Y wi=1,  w >0,
i=1 i=1
N
sz{dzh(l)O/;, Xi, (90) + m(XZ-, 0, 90)} =0 forl= 1, v ,dg, (8)
i=1

where {&;}, are the projection weights obtained in (7). Note that without the last condition
in (8) (corresponding to the primary moment condition), the above maximization problem is
solved by uniform weights w; = 1/N for alli =1,..., N (because of (7)). Therefore, the above
minimum ¢(6p) indeed corresponds to the likelihood increment by adding the last condition in
(8). Let

Mg (Xi, 60) — 6iQ (X5)
a;h M (Y3, X;,00) + m(X;,0,00)

&ih ) (Yi, Xi,00) +m(X;, 0, 0o)
By applying the Lagrange multiplier method, the dual representation of the re-weighted non-

parametric likelihood ratio statistic is

N
((f) = max 2 {pc(Ng") = pc(0)}, (9)
=1
where )
pelv) = =5 (L4 qu) D,

if ¢ # —1,0, otherwise p_1(v) = log(1 — v) and py(v) = —e”. In practice, we employ this dual
form to implement our inferential procedure.

To derive the limiting distribution of ¢(6y), we impose the following assumptions. Let (x =
Sup| Qe ()21 (2) = () Qe ()~ Mic . B0, Gk = suple(o)] and (., B0) = oz, )

m(z,0,6)p).

Assumption.

(i): {X;, V;}Y, is iid. For each v € X, v v m(x,7,00) is an linear mapping, and v
E[m(x,~,600)] is a continuous mapping from L% to R.
(ii): All eigenvalues of E[Qk(X)Qk(X)'] and Elek (X)ex(X)'] are bounded from above

2 2 logK
and away from zero for each K € N, % — 0, and CE’KTOg — 0.
(iif): maxj<j<n |G — agy(Xi)| = Op(da,n) for some 6o n — 0. For each l =1,...,dy and

K € N, there exists some 6&? € RE such that sup,cy \’yé?(m) — ﬁ}?'QK(xﬂ S ni and
E[i(X, v, — B Qx,00)%] < iixc for some i — 0.

(iv): Foreachl=1,...,dp, it holds EEEE[{h(”(X, Y, 600) =5 (X)X = 2] $ 1, E[{an(X)7g) (X)—
m(X,'yé?,HO)}Q] <1, E[m(X,fyé?,Go)Z] S 1, suplag,(z)] < 1, and there exists some

~ rzeX
# > 2 such that E[|hW(X,Y,00)[] <1 and N5, 5 — 0.



(v): For each j,k=1,..., K,

E[m(XvQJ'(')m("queo)vaO)} = E[m(X7QJ790)m(X7Qk,90)]a (10)
E[ﬁl(X,m(-70,90)(]]‘('),(90)} = E[m(X70790)m(X7Qj790)]'

Assumption (i) is reasonable for all the examples listed in this paper. An extension to depen-
dent data is left for future research. Assumption (ii) is on the vector of basis functions Q(-) and
the approximation error g (-). The first condition in Assumption (iii) imposes a basic approxi-
mation quality of &; in terms of sup norm. This could be verified by more primitive conditions;
see Newey and Robins (2018). The second condition in Assumption (iii) is on the approximation
error for the conditional mean function vé?(-) by the vector of basis functions Qx(-). Assump-
tion (iv) is a set of regularity conditions. Notably, we require the Riesz representer ag, to be
bounded, and existence of higher moments for h.

Assumption (v) is a key requirement that needs to be checked for each application. It can
be thought of as placing some constraints on the form of m(-). All our examples satisfy this
assumption except for the average derivative example. The assumption is trivially satisfied if the
moment function is multiplicative in 7 (in addition to being linear). For instance, in the missing
data example, m(X,0,6p) = 0 and m(X,vs,,60) = 7s,, and it is easy to see that (10) is satisfied.
A similar reasoning also applies to the average effect after policy intervention. For the average
equivalent variation and consumer surplus example, m(X,y0,60) = [1(p, V)y0(p, P2, V)dp — 6y,
and so m(z,0,6p) = —0y and m(x,v0,00) = [ l(p, V)v0(p, P2, V)dp. The second equation of (10)
is satisfied trivially. As for the first equation:

E[m(X, q;(-)m(, qx, 00),600)] = E /l(p,V)qg'(p,Pz,V)/l(p,V)qk(p,Pz,V)dpdp]

= B | [10.V)alp o V)dp [ 10.V)a50. P2, V)i

= E[Th(X, qj, Qo)m(X, gk, 90)]a

where we can take - out since it is not a function of p.

For the average derivative example, equation (10) is not generally satisfied. One exception
is the setting where w(z) = 1 and d?qx(x)/dz? = 0 for all k, i.e., the basis functions all have
zero second derivatives. This implies that the assumption is valid if one employs basis functions
of indicator or linear form, such as linear regression splines or Stromberg wavelets of order 0
(assuming compact support for X and that its density fx(-) is bounded).

Based on these assumptions, the asymptotic distribution of the likelihood ratio statistic £(6p)

is obtained as follows.

Theorem. Suppose Assumption (i)-(iv) hold true. In addition, 6o NCr ek — 0, VEng — 0,

\/Néa,NnK — 0. Then
£(0o) A x?lg, as N — oc.

This theorem says that our likelihood ratio statistic is asymptotically pivotal and converges
to the chi-squared distribution under the null hypothesis. Based on this result, the 100(1 — @)%



asymptotic confidence set for 6y can be given by {6 : £(0) < X?lg’a}, where ng,a is the (1 — a)-th
quantile of the X¢219 distribution. Furthermore, it is straightforward to extend this theorem for
testing the null Hy : r(f) = ro for a possibly nonlinear function r : R% — R% with d, < dg. In
this case, the likelihood ratio statistic is obtained by ming..g)—r, £(6), which can be shown to
converge to the X?lr distribution.

If Assumption (v) is violated, the re-weighted statistic ¢(6p) loses its asymptotic pivotal-
ness and converges to a weighted y? distribution, where the weights involve unknown com-
ponents. In particular, suppose the condition (5) does not hold but 5a,N§KC§7K — 0 and
+ SN Pi(m(y0)|ex)Pi(m(y0)|ex) & V* for some dp x dg matrix V*, where P;(m(o)|ex) is
the empirical projection of m(yo) = (m(X1,70,600),...,m(Xn,70,60)) with m(X;,70,60) =
(m(Xi,fy((]l), 0),...,m(X;, 'y(()de), 0p)) on ex = (ex(X1),...,ex(Xn))’. Then by inspection the

proof of this theorem, we obtain
000) S U'(V - VU, as N — oo,

where U ~ N(0,V) and V is the variance matrix of the dp-dimensional random vector whose [-th
element is m(X, 7(()1), 00) + o (X){RD(X,Y, 0) — ’y(g? (X)}. One may conduct inference based on
this limiting distribution by estimating the variance components V and V*, or by bootstrapping
(see, Section 2.3 of Hjort, McKeague and Van Keilegom, 2009). However, given the asymptotic
pivotalness in our theorem, we recommend employing basis functions Qx(-) that satisfy the
condition in (3).

The proof of this theorem indicates that under our assumptions, our likelihood ratio statistic
has the same local power function as the Wald or t-test based on the globally semiparametric
efficient estimator. However, in contrast to the Wald test, we circumvent estimation of the

asymptotic variance which can be quite involved.

4. EXTENSIONS

4.1. Treatment effects. It is straightforward to extend our likelihood ratio construction to
conduct inference on various measures of treatment effects under unconfoundedness. Let Y] and
Yy be potential outcomes associated with a binary treatment variable D € {0,1}. The observed
outcome is Y = DY; + (1 — D)Yy. Let Z be a vector of covariates. Suppose we want to conduct

inference on the parameter 0y identified by the moment condition
E[¢1(Y1, Z,00) — ¢o(Yo, Z,600)] = 0, (11)

where 1 and 1y have the same dimension as 6y. This setup accommodates many popu-
lar inferential problems as special cases. For example, if we set ¢1(Y1,X,60p) = Y1 — 6y and
o (Yo, X, 6p) = Yo, then 6 is the average treatment effect.

To see how this fits into our setup, let us denote X = (D, Z), fyé(l))(D, Z)=E[W1(Y, Z,6y)|D, Z]
and fyég) (D,Z) =E[yy(Y, Z,00)|D, Z]. Under conditional independence assumption, (11) can be
rewritten as

ElyY(1,2) = 450(0, 2)] = 0. (12)



Further, under the overlap condition, (11) gives rise to the two Riesz representers aéi) (x) =

0 _
m and aéo) (z) = Wﬁzzz) for z = (d, z) so that

Elaf) (X)1(X)] = E[y(X)], for each v € L
Elay) (X)y(X)] = E[y(X)], for each v € L¥.

Again, we consider the testing problem Hy : 6y = ¢ against H; : 6y = ¢. Note that the identifying

moment for 6y is
Elag) (X)v1(Y, Z,00) — af) (X)vo(Y, Z,00)] = (13)
Applying our methodology, in the first step we calibrate two sets of projection weights

{a N, and {a )} ¥, according to

N
mln ZDa s.t. %Z{QK(XJ — agl)DiQK(Xi)} =0;
i=1

,...7OLN =1

o
RS
N 1N 0
o 7045? ; st & ;{QK(Xi) —o; (1= Di)Qk(Xi)} = 0;
Based on the approximated Riesz representers {D@El)}fil and {(1— Di)dgo) N |, our reweighted

likelihood ratio statistic can be constructed as

N
£(6p) = min Zqﬁg(wi),
W15y WN =

N
s.t. ZwZQK aVD; —1) =0, Zw,QK )& -D)-1)=0, Ywi=1 w>0,

sz{a Dt (Y, Xi, 0p) — & (1 — Di)eo(Ys, Xi,60)} = 0.

The dual form of £(fp) is obtained in the same manner as £(fp). Also, under analogous con-
ditions to the ones in the Theorem, it can be shown that —2!7(90) i) X?lg under Hg, where dy
is the dimension of #y. Again, our likelihood ratio statistic is asymptotically pivotal, and is
free from variance estimation. If we are interested in some p;-dimensional function r(5) (e.g.,

quantile treatment effects), the likelihood ratio statistic for Hy : 7(8) = ro can be modified as

. - d
mlnﬁ:r(,@):ro E(ﬁ) - X12?1‘

4.2. Data combination models. Data combination models are another important class of
missing data models. Let W = (Y1,Yp, Z’)" denote a vector of random variables from a study
population. We are interested in conducting inference for the dy-dimensional vector of parame-

ters, 6y, which is just-identified by the moment condition

Es W(W’ 90)] =

where E,[-] denotes the expectation under the study sample. However we do not observe the

entire vector W. Rather, we only observe Ny measurements of (Y1, Z’) from the study sample,



but we have access to N, measurements of (Yp, Z') drawn from an auxiliary sample. Thus the
variables Z are common to the both samples.

We shall assume that the conditional distribution of Yy given Z is the same in the both
samples (however the marginal distributions of Z may differ). Also, we assume that the support
of Z in the auxiliary sample is at least as large as the study sample. Under these conditions,
Chen, Hong and Tarozzi (2008) showed that the parameter vector 6y is identified as long as (-)

is separable in Y7 and Y} in the sense that
1/’(Y17 YOa Za 00) = 7/15(Y1, Z? 90) - 1/Ja(Y0, Za 00)7

for some 5(+) and 1,4 (-). This framework covers many important statistical problems including
estimation of the average treatment effect on the treated (ATT), two-sample instrumental vari-
ables (Angrist and Krueger, 1992), counterfactual distributions (Dinardo, Fortin and Lemieux,
1996), semiparametric differences-in-differences (Abadie, 2005), and models with mismeasured
regressors in the presence of validation samples (Carroll and Wand, 1991).

Following Graham, Pinto and Egel (2016), we employ a multinomial sampling framework
by assuming that a unit is drawn at random from the distribution of the study sample with
probability 7, and from that of the auxiliary sample with probability 1 — w. Let D denote a
binary random variable that takes value 1 when the observation is in the study sample and 0
when it is in the auxiliary sample. Under this framework we can treat the ‘merged’ realization
(Dj, Z;, D;Y14, (1 — D;)Yy;) as a random draw from a synthetic ‘merged’ population (Graham,
Pinto and Egel, 2016). Let P(-) and E[-] denote the probability and expectation, respectively,
in this merged population. Finally, let Y = DY] + (1 — D)Y} denote the observed ‘outcome’
variable.

This set of models also fits into our current setup. To observe this, let us denote X = (D, Z),
WD, Z) = Blyu(Y, Z,60)|D, Z) and v32(D, Z) = Elbu(Y, Z,60)|D, Z). Then the identifying
moment condition can be rewritten as

/{'yél)(z, 1) — 'yéQ)(z, 0)}dFs(z) = /{'yél)(z, 1) — ’yéQ)(z, 0)}(;?((5)) dF(z) = 0.

The support condition above assures existence of some x > 0 such that k <P(D =1|Z =2) <1
for all z € R% . Importantly, we do not place any functional form assumptions on the propensity
score, apart from some smoothness assumptions. As before, we consider the testing problem
Hp : 8 = 0y against Hy : 6 # 6y, which is equivalent to test the identifying moment

P(D =1|2)
1-P(D=1|2)

E | Dys(W, X, 60p) — (1 — D) Ya(W, X,00)| =0,

subject to the auxiliary moment conditions identifying the Riesz representer as ag,(z) = (1 —
d) P(D=1|Z==)

T-P(D=1]Z=z) ScCe

E[og, (X)y(X)] = E[Dy(X)], for each v € L%,

(see, Graham, 2011). Let N = N, + Ns. We shall order the observations such that the first
N, terms correspond to the auxiliary sample (i.e., D; = 0 for ¢ = 1,..., N, and 1 for i =

Ng+1,...,N). The projection weights (&1, ..., dan,) for data combination models are obtained
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as the solution of

N
min Z ZD QK (X Z QK (Xi).

AL, 7041\7

In this case, our likelihood ratio statistic is obtained as

5(00) max qug (wi),

Wi 7UJN

N N
st Y wi{Di—a&i(l-D)}Qk(Xi) =0, Y wi=1 w;>0
i=1 i=1
N
> wil Diths (Wi, X4, 00) — (1 — Dy)aivoa(Ws, Xi,00)} =
i=1

The dual form of £(6p) is obtained in the same manner as £(y). Also under analogous conditions
to the ones in Theorem, it can be shown that E(Qg) LY X?ig under Hg, where dy is the dimension
of 00.

4.3. Over-identified models. Thus far we have considered inference under just-identification.
In some applications however, the parameters § could be over-identified (e.g., moment conditions
with side information, and two-sample instrumental variable models with more instruments than
regressors). While our testing procedure still controls size in such contexts, it is no longer first-
order efficient. In this section we show how it can be modified to recover efficiency.

Consider the missing data setup in Section 2. Suppose now that the dimension p; of the
moment function v(-) is greater than p, the dimension of 5. Then we can construct a likeli-
hood ratio test by considering the discrepancy in the log-likelihoods evaluated at the estimated
and hypothesized values of 3. In particular, based on the likelihood ratio statistic in (8), the
likelihood ratio test statistic for testing Hg : 8 = Sy against Hy : 5 # [y is given by

(o) = £(Bo) — min £(6).

Under analogous conditions to the Theorem in Section 3, it can be shown that ¢f(5) A X;Q;
under Hy. Note that the degree of freedom of the limiting distribution is p, the dimension of
B. On the other hand, the statistic £(5y) converges to the chi-square distribution with degree of

freedom pq, the dimension of .

5. SIMULATION

In this section, we study the finite sample performance of the proposed likelihood ratio test.
We consider three different data generating processes (DGPs). The first DGP (DGP1) is taken
from Abadie and Imbens (2016, Supplementary material), adapted for the case of missing data.
We generate a two dimensional vector (Z1, Z3) of covariates by drawing both variables from a
uniform [—1/2,1/2] distribution independently of each other. The ‘true’ outcome variable is
generated as Y1 = 5 + 277 4+ 475 + U, where U is a standard normal random variable. The

11



TABLE 1. Rejection frequencies under the null for inference on 3,

N =100 N =200 N =500 N = 5000
K=3 K=5 K=3 K=5 K=3 K=5 K=3 K=5

DGP1 LR 0.067 0.077 0.056 0.062 0.057 0.063 0.048 0.054
Wald 0.064 0.074 0.057 0.062 0.058 0.063 0.047 0.054
DGP2 LR 0.092 0.119 0.074 0.082 0.054 0.066 0.059 0.056
Wald 0.098 0.118 0.076 0.085 0.056 0.066 0.058 0.056
DGP3 LR 0.1056 0.147 0.083 0.102 0.079 0.065 0.126 0.057
Wald 0.143 0.226 0.102 0.122 0.091 0.071 0.129 0.058

propensity score is given by the logistic function

exp(Z1 + tZ2)

P(D=1|Z) = .
( 1) 1+ exp(Z1 + tZ3)

(14)

The treatment D is generated by this probability, and the observed outcome variable is generated
by Y = DY;. For DGP1, we choose t = 2. The second DGP (DGP2) differs from DGP1
only in the choice of ¢: in particular, we set t = 4. The effect of increasing ¢ is to reduce
the amount of overlap in the propensity score. For the third DGP (DGP3), we generate a
two-dimensional vector (Z1, Z2) of covariates by drawing both variables (independently of each
other) as Z, ~ 2V —1 for a = 1,2, with V' ~ beta(2,4). The unobserved outcome variable is
generated as Y = 5+ Z2 + Z3 + U. The remainder of DGP3 follows the same construction as
DGP1, i.e., we obtain the propensity scores by setting ¢ = 2 in (14). Compared to DGP1, the
distribution of Y is more asymmetric due to the use of an asymmetric beta distribution for the
covariates. Additionally, the underlying model for Y7 is more non-linear.

We first consider inference on the average outcome [, = E[Y7]. Table 1 reports the perfor-
mance of the likelihood ratio (LR) procedure for inference on 3, under the null, along with infer-
ence based on the Wald statistic using the variance estimate proposed by Chan, Yam and Zhang
(2016). The nominal significance level is 0.05. For all DGPs, we report results with K = 3, cor-
responding to ¢ (X) = (1,21, Z3)’, and K = 5, corresponding to ¢% (X) = (1, Z1, Zo, Z%, Z3).
All the simulation results are based on 2,500 Monte Carlo repetitions.

From Table 1, we can observe that when the DGP is linear and the overlap is good (e.g.,
DGP1 and DGP2), both the LR and Wald procedures behave very similarly. However, when
there is non-linearity in the covariates and the underlying distribution is asymmetric, the LR
procedure provides more accurate inference, as seen in the simulation results for DGP3.

Next we consider inference on the median outcome 3, = median(Y;). Here the ‘identifying’
moment condition for /3, is given by E[I{Y < S,,} — 0.5] = 0. Table 2 reports the performance
of the LR procedure for inference on ,, under the null for all the DGPs. Again the nominal
significance level is 0.05. The LR procedure provides excellent size control for all DGPs, with
the proviso that one employs a proper choice of K for DGP3. Note also that the Wald statistic

is difficult to obtain here due to the complicated nature of the variance estimate for quantile
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TABLE 2. Rejection frequencies under the null for inference on 53,

N =100 N =200 N =500 N = 5000
K=3 K=5 K=3 K=5 K=3 K=5 K=3 K=5

DGP1 0.056 0.067 0.058 0.052 0.048 0.047 0.056 0.053

DGP2 0.072 0.098 0.054 0.076 0.058 0.055 0.091 0.063

DGP3 0.128 0.206 0.097 0.101 0.069 0.080 0.088 0.049

estimators; indeed we are not aware of any variance estimate that has been proposed for this

context.

6. REAL DATA EXAMPLE

We illustrate our inferential procedure by applying it on data taken from the influential study
of Card and Krueger (1994). These authors were interested in studying the effect of the raise,
in 1993, of New Jersey’s state minimum wage on employment. To this end, they collected
data on employment in fast food restaurants in New Jersey and neighboring Pennsylvania,
following the minimum wage hike. The restaurants in Pennsylvania, which did not witness a
change in the minimum wage, form the control group. While the original study was based
on a differences-in-differences design, later authors including Rosenbaum (2002) and Imbens
and Rubin (2015) re-analyzed the data as if it arose from an unconfoundedness assumption,
i.e., conditional on covariates, the probability of being treated (i.e., being from New Jersey as
opposed to Pennsylvania) does not depend on the potential outcomes. Subsequently, our results
in this section are based on the latter assumption.

The data consist of 273 restaurants from New Jersey (treated units), and 67 from Penn-
sylvania (control units). The covariate data consist of the following pre-treatment variables:
number of employed in each restaurant prior to minimum wage hike (empft), starting wages
(wage_st), average duration for the first raise (inctime), and indicators for the identity of the
chain: (burger king, kfc, roys, wendys). The outcome (Y) is the number of employed in each
restaurant after the increase in minimum wage (part time employees are weighted by 0.5). Our
parameter of interest, fg, is the average treatment effect on employment levels due to the mini-
mum wage hike.

To provide inference on [y, we consider two empirical balancing schemes: one where we only
balance a single covariate, empft, i.e., ¢! (X) = (1,empft), corresponding to K = 2; and the
other where we balance all the covariates Z, i.e., ¢ (X) = Z, corresponding to K = 7. The first
scheme in particular is based on the analysis of Imbens and Rubin (2015) who found that empft
was the only variable selected by their iterative balance checking algorithm for inclusion in the
propensity score. Table 3 presents 90 and 95% confidence regions for 5y based on our inferential
procedure, along with the Wald confidence regions. We also report the estimates, B , of By under
both K = 2 and 7. Both values are very close to the estimate of B = 0.84 obtained by Imbens
and Rubin (2015) using matching.
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TABLE 3. Confidence regions for By using Likelihood Ratio and Wald procedures

K=2 K=17
Estimate B =0.840 B =0.873

90% CI 95% CI 90% CI 95% CI

LR [-0.782, 2.382] [—1.110, 2.682] [—0.608, 2.262] [—0.909, 2.527]

Wald  [—0.766, 2.445] [—1.073, 2.753] [—0.590, 2.335] [—0.870, 2.615]

APPENDIX A. MATHEMATICAL APPENDIX

Notation: Hereafter we use the following notation: Let |A| mean the Euclidean norm for
a vector A and the spectral norm for a matrix A, “wpal” mean “with probability approaching

one”, and
hi = hY:, Xi,00), aoi = ag, (Xi), Yoi = Y8, (Xi),
mi(v) = m(Xi, 70, 600), m;(0) = m(X;,0,6p), mi(y) = mi(y) —m;i(0),
Qri = Qr(Xi), Mgi= Mgk(X;,6),

i = QK — Mk, exi = a0iQKi — M,
€ni = Gihi —mi(%0), eni = aoihi —mi(Y0),
Evoi = Giv0i — mi(70), Enoi = 00iY0i — Mi(Y0)-

Also recall (g = sup|Qx(z)| and ( x = sup\sK( ). Let Pi(ai|éxi) = € (68)7 ¢ a for i =
reX TEX
1,..., N be the empirical projection of a vector a = (ay,...,an)" to € = (ég1,...,éxnN)"

A.1. Proof of Theorem. By Lemma 1 (iv), £(fy) exists uniquely wpal, and we can establish

a quadratic expansion of the dual form in (9) as

) ( ! %9K> <1 %gKgK’>_l< ! igK> +R (15)
=\ 7= 7 NT i Ji T ) N
’ VN i N = VN i

where Ry is the remainder term. Based on Lemma 3 (v) and max;<j<n |gZK\ < maxj<i<n |Dii|+
maxi<;<n |Dai| = 0,(V/'N) (by Lemma 1 (i)-(ii)), a similar argument as that used in Hjort,
McKeague and Van Keilegom (2009, proof of Theorem 2.1, p. 1105) yields Ry 20, Since
SN (Myi — @&iQxi) = 0 (due to (7)), the definition of g% and inversion formula for partitioned
matrices imply that the first term on the right hand side of (15) can be written as

!/

(\/»Z{%h —|—m2(0)}> Vo — Vi)™ ( Z{Oézh +mi(0 )}>,

where Vj = + SN {dghi +m;(0)}? and

R 1N ! 1N -1 | N
= <N Z{@ihi + mi@)}@ﬁ) [N ZéKié/m] (N Z{@ihi + mi(o)}ém> .
i=1 i—1 i=1
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Now, Lemma 2 implies \}—N SN {éihi +m;i(0)} 4 N(0,V), and Lemma 4 implies Vo — V; 5
Vo — V1. Since the condition in (10) guarantees V = Vj — V1, the conclusion follows.
On the other hand, if (10) does not hold, the conclusion follows by Lemma 6.

A.2. Lemmas.

Lemma 1. Let Dy; = (e, awihi + mi(0)) and Do = ((& — i) Qs (i — cwi)h;). Under
Assumptions 1-83, the following statements hold true.

(i): maxi<i<n [D1il = 0p(VN).

(ii): maxi<i<n [Dai| = op(1).

(iii): all eigenvalues of E[Dy;D;] are bounded away from zero for all K € N.

(iv): P{0 € C,} — 1, where C,, is the interior of the convex hull of {gF i =1,...,N}.

Proof of (i): The triangle inequality implies maxi<;<n |D1;| < D11 + D2, where

D11 = 1g1ax le kil D1z = 121%)?\[ |avoihi + mi(0)].

Note that D11 < (. = o(V/N) by the definition of (.  and Assumption 2 (ii). Also, since
E[agihi +mi(0)]2 < oo by assumption, Owen (2001, Lemma 11.2) implies that D12 = 0,(vV/N).
Thus, we obtain the conclusion.

Proof of (ii): Note that for each € > 0, there exists C, > 0 such that

1/n 1 E{lhi["]
P{1r<nlzix|h|>n C} ZIP){|h]>n C} < o <eg,

where the first inequality follows from the union bound, the second inequality follows from
Markov’s inequality, and the last inequality follows from Assumption 3 (iii). Therefore, by
Assumption 3 (iii),

s Dol < Gy (max | Qui |+ max [l ) = oG+ Op(n'/)) =0y(1). (16)

Proof of (iii): Note that Apnin{E[D1;D};]} = min{V, Anin{E[e ke ki]}, where
V = Elagihi + mi(0)]? — E[(aoihi + mi(0))exi) (Blexiexi]) ™ E[(aoihi +mi(0))e k).
Similar to Lemma 4 (ii), we can show
E[(aoh + m(0))= %] (E=2e2]) " E[(aoh + m(0))e?*]
= E[{aonoi +mi(0) — mi(70)}?] + 2E[mi(v0){a0iroi + mi(0) — mi(y0)}

as well. Hence V — E[m;(70) + c0i(hi —0:)]2 > 0 as well. And by assumption Apin (E[e@xe9"])
has all eigenvalues bounded away from zero by assumption. Conclusion follows.

Proof of (iv): Denote H,(a) = minj<;<n(a’gX ™). Tt suffices to show

]P’{mng (a )<0}—>1, (17)
ac
as n — oo, where S¥ = {a € RE+! . |a| = 1}. To this end, let H,(a) = minj<;<n(a’D1;).

Observe that |H,(a) — Hy(a)| < maxi<i<y |a/Da;| < maxi<i<y |Dai| = 0,(1) for all a € S¥,
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where the last inequality follows from Lemma 1 (i). Similarly, we have |H,(a) — H,(b)| <
la — bl max;<;<n |D1;| < |a — blo,(v/N) for all a,b € S¥, where the last inequality follows from
Lemma 1 (ii). Let Uy x be the union of a finite number Ck y of rectangles with side length
where Cx 08N ~1 > 275/2 )T (K /2) for the gamma function T'(-) [note: 27%/2/T'(K/2) is the the
surface area of of SX]. Tt follows

< : .
max H,(a) < max H,(a)+ 0, max, |D1;| + max, | Doy

acSK a€Un K

For (17), it is sufficient to show show that for each € > 0,

€
< =
P{@%vm?z' < 2} — 1, (18)
€
< -
p oy max 1D < 5b = 1 (19)
IP’{ max H,(a) < —e} — 1. (20)
CLEUN’K
The convergence in (18) is guaranteed by maxi<;<n |D2;| = 0p(1). The convergence in (19)

is guaranteed by setting oy = ﬁ for some C' > 0 since maxi<;j<y |D1i| = op(\/ﬁ). By
Hjort, McKeague and Van Keilegom (2009, Lemma 4.2), the convergence in (20) is guaranteed if
% — 0 and E[D;;D};] has eigenvalues bounded away from zero, which follow by Assumption

2 and Lemma 1 (iii).

Lemma 2. Under the assumptions of Theorem, it holds \FZ ~i{&ih; +mi(0)} A N(0,V),
where V- = E[{m;(v0) + ai(hi — Y0i) }?].

Proof: Decompose \/% Zﬁil{dihi +m;(0)} = ﬁ fil ¢; + E1 + Eo, where

¢ = mi(v0) + aoi(hi —0i),
1

| N N
E, = ﬁ;(@i —agi) (hi —70i), 72 &ivoi — mi(70))-

Since \F SN b 4 N (0,V) by the central limit theorem, it is sufficient for the conclusion to
show that E; 20 and Es B o.
Since E[h; — 70;|X; = ] = 0 (by the definition of ), the law of iterated expectations yields

ZE — a0i)E[h; — 70i| X1, Xn]] = 0.
Also as supE[(h; — 70:)?|X; = 2] < 1, the same argument in Qiu (2020, Lemma S4) implies
zeX
1 I 1
Var | —= i —aoi)(hi —v0i) | SE [Var | —= > (& — aoi)(hi —70i)| X1, , XN
(\/ﬁ ; ) )) i ;( )

&y — Oéoi)QVCU“(hi - 'YOi‘Xla te aXN)] =

I
2| =
=
=

@
Il
—
.
Il
—

(&; — ap;)? < supla(x) — ag()|*.
reX

A
2|~
=

=

s
I
—_
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Thus, Markov’s inequality and Assumption 1 (iv) imply F; 5 0.
We now show Ey % 0. By linearity of mm and vo; = B Qri+rKi, we have Ey = Eo1+ E9p+ Fas,

where
| N N
By = —=) Br(@iQri— Mki),  Ea=—=) (aorki—m(rki)),
\/N; K\%* ? 2 \/N; 7 ? ?
| N
Ey = ﬁZ(di—OéOi)TKi.

1

-.
Il

Note that E2; = 0 by the construction of &; in (7). For Eas, note that E[ag;rx; — m(rg;)] =0
and

E[E)] S Elagirk) + Eli(rx)?] S ni
where the last inequality follows from Assumption 2 (iii). So, Markov’s inequality implies E9o RN
0. Finally, Assumptions 1 (iv) and 2 (iii) and the condition v/ N&, ynr — 0 guarantee |Faz| <
VN da, N1k = 0p(1). Combining these results, we obtain Fs 20, and the conclusion follows.

Lemma 3. Under Assumptions 1-3, the following statements hold true.

(D) [# XN QuiQli — ElQiQl
from zero wpal.

(ii): ‘% Zﬁ\;l ki€ — Elekicl]
zero wpal.

(iii): | LN 2xidl,

(iv): Under 64, NCrCe,x — 0, it holds

20, and Amin {% SN QKzQ’KZ} is bounded away

EN 0, and Amin {% Zf\il sKie'Ki} is bounded away from

= 0,(1).

—1
(% 2N exith) ‘ = Op(1).
(V)% Amax { % N1 95987} = 0p(1) and din { £ 31 9K g5} = 0,(1).

Proof of (i): The proof is similar to that of Part (ii).

Proof of (ii): It follows from Belloni et al. (2015, Lemma 6.2) for the first statement, and
Tropp (2015, Theorem 5.1.1) for the first statement.

Proof of (iii): By the triangle inequality, stated assumptions and Lemma 3 (i)-(ii), we have

1 & 1
‘N 2 fxifki| = max, { N Z<s’ém>2}
=1

i=1
1 Y 1Y
< / 2 = A . . \2
S Sgslgxl{N;(sam) }Jrsgégxl{]v;(s (& — i) QKi) }
1 Y 1 &
< =) exick;| +supla(z) — ap(@)||— kiQ:
N Loericha| + supla) = aof )||N;Q Qe

= 0,(1) + 0y(6a)04(1) = Oy (1).
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Proof of (iv): Since (a + b)? > a® + b — 2|ab| for a,b € R, we have

1Y 1Y
)\min{N;éKié/Ki} = Senélli(nl{N Z(Slém)2}

i=1
| |
. oA . N2 . - ! N2
> SGHSI}(QI {N ;(S (Qi — i) Qi) } + Senél}{ril {N ;(8 EKi) }

N
—2 max { ! Z\(@i —CYOi)(S/QKi)(S/EKm}‘
Note that

N
max {1 Z (G — OéOi)(SIQKi)(S/EKi)‘} = Op(0a,NCrCe k) = 0p(1)-
=1

seSk-1 | N ;

Also min cgr—1 {% SN (8 (6 — agi)QKi)Q} = 0p(1), and min cgr—1 {% Zﬁ\;l(s’aKi)Q} is bounded
away from zero wpal by Lemma 3 (i)-(ii). Thus, Apin {% Zi]\il é Klé’m} is also bounded away
from zero wpal, and the conclusion follows.

Proof of (v): By the definitions of eigenvalue and determinant for partitioned matrix, we have
1 I 5 1Y
)\maX{Nzgf‘g’LI(l} = maX{V,)\max{NZéKZéKZ}}
i=1 i=1
1Y A 1Y
Amin {N ng{g{(’} = min {V, Amin {N Zémém}} :
i=1 =1
Thus, the conclusion follows from Lemmas 4 and 3 (iii), and 0 < E[m;(o) + i (ki — 0:)]? < o0o.
Lemma 4. Under Assumptions 1-3, the following statements hold true.
(i): Vo = + SN {ash +mi(0)}2 B Vh, where
Vo = El{aoihi +m;i(0)}’] = Elag; {hi — 70} + El{ao0: +mi(0)}7].

(ii): Vi & Vi, where

Vi = E[{aoi0; + mi(0) — mi(y0) Y] + 2E[mi(v0) {eoivo: + ma(0) — mi(y0)}]

Proof of (i): Note that Vo — Vo = Vo1 + Vo, where

R 1 X 1

Voo = N > {dihi +mi(0)}? — N >_{aoihi +mi(0)}*.
i=1 =1

R 1Y

Voo = > {coihi +mi(0)} ~ El{aoih; +mi(0)}?].
=1

Since the weak law of large numbers implies Vpy = 0, it suffices to show Vor 5 0. By using

a? — > =2b(a — b) + (a — b)? for a,b € R, and the triangle inequality,

. 1 & 1 &,
[Voi| <2 NZ(%‘—OCOi)hi{OéOihi-i-mz‘(O)} + NZ(%’ — agi)hi|.
i=1 i=1
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The weak law of large numbers implies & SN, |h{aghi +m;i(0)}| 2 Elhi{aoih; +m;(0)}] <
\/Im\/ﬂi[{amhi +m;(0)}?] and £ SN, h? 2 E[h2]. Thus, Vo1 % 0 follows from Assumption
1(iv).

Proof of (ii): Recall é,; = &;h; + m;(0) — m;(y0). Decompose

X | N -1 | N
i = (Nz{ﬁhﬂrmz(vo }6Kz> l ZﬁKﬁm] (NZ{éhi+mi(70)}éKi>

i=1 i=1
= An+2By + Oy,

where

=1 =1 =1
1 X "T1 X
By = (N;mz(70)5K2> N;éKzéKz] (N;éhzéfﬂ> s

1 1 & L&
Cy = (szi(%)fm) [Nzémé}a] (szz’(%)fm)

Thus, it is sufficient for the conclusion to show that

Ay B E[{aoivo + mi(0) — mi(y0)}, (21)
By % E[mi(yo){aoivoi +mi(0) — mi(v0)}], (22)
Cy 5o (23)

Proof of (21). Let ep; = h; — 7pi- Observe that Ay can be decomposed as Ay = Any1 + Ana +
2A N3, where

1 1 X 1 ¥
An1 = (NZéWOZéKZ> [ éKzé/Kz] (NZéWOZéKZ>7
i=1 =1 i=1
/ —1
A < 1 Z : A > [ 1 3 A L ‘| < 1 Z A : >
N2 = — QG Chi€Ki — EKIi€K; ~ QiChiEKG |
N =1 N i=1 N i=1
1 & 1 X AR
N = N N =
Evoi = Giv0i — mi(Y0)-

First, we show An1 = E[{aoiy0; + mi(0) — mi(70)}?]. Observe that

1, 1
ANIZN;/Pi(ng’EK):N; 'yoz_iz Yoi?
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where 5301 is the projection error of the empirical projection of &) onto éx. Recall ¢,,; =

apiv0i — mi(70). For the first term in Ay, note triangle inequality implies

N

1 .
< 2= (& — 20i)V0iErod)
N3

1 N

¥ 2 Soi — Eleg,]

1 N
+ = > (G — a0i)*5;
=1 N

=1

+

1 N
N 231 5’2}’01' - E[g?voi]
1=

Thus, Assumptions 1 (iv) and 2 (ii) and the weak law of large numbers imply
T
2 P
N 6’2¥0i - E[e?mi]‘ (24)
i=1

For the second term in Apxq, note that
1 al 52 1 al A / ~ / 2
N Y & < N Zl{ai('YOi — Bk Qki) — mi(vo — BxQ@k)}
i=1 i=

N N
1 . 1 -
< 2% > {0 — B Qi) + 2 > iy — BrQk)?
i=1 =1
= 2AN11 + 2AN12,

where the first inequality follows from the fact that é’fmi is the empirical projection error.

For An11, Assumption 2 (iii) and the triangle inequality imply
Anyg < 77%(7]\, {% Zfil(&i — ai)? + % Zfil a%i}, and the weak law of large numbers and As-
sumptions 1 (iv) and 2 (iii) yield A1y 2 0.

For An1s, by Assumption 3 (i), A1z = % vy mi(10 — Bk Qk)* S & L1 (voi — By Qri)?
with probability approaching one. Thus Axi2 — 0 by Assumption 2 (iii). Combining these
results, we haveAn; E[aoivos — mi(70)]2.

Next, we show Ayg = 0. Observe by linearity of empirical projection and triangle inequality

N N N
1 s 1 . . 1 .
AN2 = — Z'PE(CMGMEK) < 2— Z'PZQ((Q — a0)€h|€K) +2— ZP?(O[Q@MEK).
Nizl Nizl Nz‘:l

By definition of empirical projection

N N 2 N
1 . . 1 . R 1
~ > PH(@ — ao)enlér) < = D (G — an)’el; < | sup |a(x) —ao(@)] | = D ehi = 0p(1),
N =1 N i=1 reX N i—

where the last inequality follows by law of large numbers under Assumption 3 (ii) and sup,¢ y |&(x)—
ap(z)| 2 0 by Assumption 1 (iv). Next we show + SN P (apen|éx) = 0p(1) as well. Since

(1 3 )
— Y aieniéri |
N =

-1
1N

N ! N
1 1
— E P (apen|éx) = < E am%ﬁm) ( E 5Ki§/m)
N N N

=1
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-1
and ‘(]{, PO éKZ-é’Ki) ‘ = Op(1) by Lemma 3 (ii), it suffices to show ‘% SN avieniéki
op(1). Note

Z Q0i€hiEKi

i

| X
Nzaoﬁhﬁm <
i=1

where the first term is bounded as

1 .
N > agieni(Goi — a0i) Qx| +

< Sup!@( ) —ao(x !CK Z|040z€hz
TEX

= OP( a,NCK) = Op(1)7

‘ Z agieni(Goi — @0i)Qki

by Assumption 1 (iv) and law of large numbers by Assumption 3 (ii). For the second term, by

definition of ep; and iid assumption

2
N 1 < <£2K
Zamehﬁm = NIEame,uuseKlN N — 0.
=1

2

It follows by Markov inequality that & S>N, agienicki = Op(-55) = op(1) as well.
Finally, we show Ays 2 0. Observe that by Cauchy-Schwarz inequality,

1 1 X
[Ans| = | = D PilGenléx)éy,| < ZP (Geplér)y| <= D &2 =
N = i=1 N =

by Ane % 0 and (24).
Proof of (22). Recall éy; = &;hi — m;(70). By using the empirical projections, decompose
-1

1 T & 1 &
By = (Ngmi(wo)ém> [N;éKié%i] <Ni—zléhiél{i>

2@

= Y mi0)PiEaléx)

1

=

I
2|
=

I
—

mi(70)Pi(é&vo +m(0) — m(yo)lex) + Zmz Y0)Pi(den|éx)

7 =1

= DBpn1+ Bna.

Let & be the empirical projection error of ayo+m(0) —m(vo) onto éx. By the definition of the
empirical projection

N

1 o
By = Zmz vo){aivoi +mi(0) —mi(r0)} — > mi(10)é;
i=1 =1
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For the first term of By, the triangle inequality implies

‘ Z m;(70){&iv0i +mi(0) — mi(70)} — E[mi(v0){e0ivoi + mi(0) — mz‘(’Yo)}]‘

Z |(&i — aoi)mi(y0)v0i

Zml Yo){aoivoi +mi(0) — mi(v0)} — Elms(v0){aoivoi +mi(0) — mz’(%)}]|
i=1

5o,
where the convergence follows from the weak law of large numbers and Assumption 1 (iv).

For the second term of By, the definition of the empirical projection and assumption imply
1 al 52 1 al A ! ~ ! 2
N Y& < N > {ai(voi — Bx Qi) + mi(BxQx — 70)}
i=1 i=1

N
S LS i - Qe + S i@ — P (25)
=1

=1

For the first term of (25), it holds & SN {&i(v0i — B Qri)}? < nk+ SN, 42 = o0y(1) by
Assumptions 1 (iv) and 2 (iii). For the second term of (25), the weak law of large numbers and
Assumption 2 (iii) yield % N i (B Qx — Y0)? = 0p(1). Thus, we have i LyW, & 2 0. By
this and the Cauchy Schwarz inequality, we obtain

1 X
<\l Zmz 70 JNZE;Q:OP(D'

=1

1Y R
~ > mi(0)&i
N =1

Therefore, By satisfies By1 = E[m;(70){coioi +mi(0) — ms(70)}.

For the term Bpo, by Cauchy-Schwarz inequality

J Zm (70) \l ZP2 (GepléK).

=1

|Bn2| = Zmz (70)Pi(Genlér)

By law of large numbers and Assumption 3 (i), & SN m2(v0) = Op(1), and by the proof of
Ans 50, SN P2 (éen|ék) = op(1). Thus, Bya = op(1). Conclusion follows by combining
the probability limits of By and Byo.

Proof of (23). Recall eg; = apiQgi — M. Decompose

/ —1

N
Cy = <]17 > {mi(0) (65 — a0i) Qki + mi(Y0)e ki > [ foKzEKi]
i—1

N
X <;f > {mi(v0) (65 — o0i) Qi + mi('YO)gKi}>
i=1

= COpn1+2Cn2 + Chys,
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where

! N N
Cn1 = ( > mi(y0)( aOZ)QKZ) [Jif > éKié/Ki] (;, > mi(yo)(és — OéOi)QKi> :
i : i=1

i=1

Z\H

2\'*
Z|—

/ N —1 1 N
Cno = ( > mi(v0)( OCOz)QKz) [ 51@'5/1(1'] (szi(’YO)@Ki>=

=1
1 & 1 &
Cns = (N ;m2(70)5K1> lN ;61«,5;@]
For C9, we further decompose Cno = Cno1 + Cno2, where
1 & X
Cna1 = (szz‘(’m) — ap; Qm) [ 26}(16[@] (N > mi(v0)eki _E[mi(’YO)EKi]> ;
i=1 i=1

-1

N
Cno22 = (;IZT?%(VO) — ap; Qm)[ ZEKﬁKZ} E[mi(v0)ekil-
i=1

Also, Cn3 = Cn31 + 2CnN32 + Cns3z, where

/
LN

Cns1 = (szi(70)5m— [mi(70) 61@) l
i=1

-1

| N
51(4 <N ;mi(%)&m - E[mi(’Yo)EKi]> ,

Z\H

!/

| X
Cn32 = <N Zmz‘(’m)é‘m — E[mi(y0)eki ) [

-1
EKi‘| E[mi(v0)ekil,

Z\H

-1
Cnss = E[m;(v0)eki] [ 261@8;@] E[mi(y0)ekil-

Note that

< CKSU§|O7( r) — ap(x < Zmz Y0 ) = Op(Cx0a,N),
pAS

LN
N > mi(10)(ds — i) Qi
i=1

and

%Zmi(%)aﬁ —E[m;(yo)ekil| = Op(CE’K/\/N),

where the last equality follows from Markov inequality combined with

N 2
E ['Jbzmi(%)m—E[mz‘(vo)ém] ] B %E[mi(%)ﬂ%\z] SN

By these results, Lemma 5, and Assumptions 1 (iv) and 2 (iii), we have

ICnvil = Op(Ck e n) = 0p(1),

ICnatl = Op(CxbanCerx/VN) = op(1), |Cna2| = Op(CxdanVENK) = 0p(1),
Cnail = Op(Cr/N)=0p(1),  |Cnazl = Op(Cexni\/ K/N) = 0p(1),

[Cnasl = Op(Knj) = 0p(1),

and the conclusion follows.
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Lemma 5. Under Assumption 1-3, it holds |E[m;(v0)eki]| = O(VEKnk).

Proof: Note that E[m;(y0)eki] = E[m;(0)ek;] + E[mi(y0)eki]. Let rg =0 — B Qr - It follows

Elmi(v)eri] = Elmi(yo)ani@Qxi] — E[mi(vo) Mkl
= E[{BxMxi + mi(rx)}aoiQri) — E{Bx Mk + mi(ri)} Mk
= Ej+Ey,

where 21 = E[QOZQKzM}(l]ﬁK _]E’[MK’LM]/:(JBK and 2o = E[(OJOZ'QKZ‘ — MKi)miU’K)]. Note that
(5) implies £; = 0. By Cauchy and Schwarz inequality, we have
Z2)? < EllaniQki — Mkil!|E[mi(rk)?]

< trace(E[sKiski])E[r%{] < Kn%( — 0.

~

Also, by (5),
E[mi<0)€[(i] = E[mZ(O)aOZQm] — E[mZ<O)MK2]
mi(m(0)q1) m;(0)mi(q1)
= E : ~E : = 0.
mi(m(0)gx) mi(0)mi(qk)

Combining these results, the conclusion follows.

Lemma 6. Suppose assumptions of Theorem 1 hold true except display (10). In addition, (1)
if §37KCK5Q7N — 0, and plim [% N Pi(m(WO)\EK)ﬂ = V*, then Oy 2 V* ; (2) otherwise, if

¥ L Pilm(y0)[éx)? 5 V™, then Cy 5 V™.
Proof: Statement (2) is straightforward. We only show statement (1). Note the following
decomposition of C'y still holds:
Cn = Cn1+2Cn2+ Chns,

where Cn1,Cn2,Cns are defined in the proof of for display (23). Specifically, it still holds
|ICn1| = Op(C%{éiN) = 0p(1). It remains to bound Cy2 and Cn3. Note ‘% SN mi(0)ers| <

CE,K% Zf\il Imi(70)] = Op(Ce, i) since %Zf\; Imi(v0)] = Op(1) by the law of large numbers.
Recall ‘% Zf\il mi(70) (& — i) Qki| = Op(Cxda,n). Hence by Lemma 3(iii),

|C el

IN

A Al
N ZSKieKz)
N =

LN
N > mi(10)(ds — ) Qi
i=1

1N
*Zmi(’mkm
Ni:l

= Op(Crda,nCe k) = 0p(1).

For C3, notice

1 ¥ T &
A A
Cns = (szi(’)/o)gl(i> lN;Qﬁ&m]

=1

—1 1 N
(N ;mi(%)é?m)

= Cyz1+ C’N32,



1 -1

ll 3
!
N =1

2]~

where

) N ! 1N -

Cns1 = ( Zmi(%)ﬁm> [Nzémélml
i=1 =1

-1

. 1 & T & 1 &
/
Cn32 = (N;mi(%)wﬁ) [N;Uﬂ&m] (N;mi(%km)-

1 3 1 N /
Let Z L1 EKi€; = X, N 2ie1EKi€; = 2n. Then

1 N
(N ;mi(%)&m) :

N N N
N 1 . . 1 . 1 .
v — XN = |5 D (ki —eri)(Exi —exi) + = D exiléki —exi) + = O (ki — exi)ek;
N = Ni= NS
1 Y ) 1 Y
< 'N > (& — 0i)*QriQi| + Z — 20i)ekiQi| + N > (65 — i) Qi€ -
i=1 i=1 =1

Note ‘% SN QkiQh;| = Op(1) by Lemma 3 (i), so

N

1
NZ *0501 QK%QK@

1 N

max — Z(@i — a;)?(d' Qi)

aeSE-1 N “ —1

2 N
< (Sup!@(w)—ao(x)!> max *Z(“/QK@')Q

zEX acSK-1 N “

2
— [ supla(z) — ao(e
zeX

< sup|&(z)—ao(z)|suplek (z)[sup|Qk (2)| = Op((xda,NCe K )-
reX xeX

ZQKZQK’L (63,N)‘

N /A
Also ’% i1 (b — aOi)gKiQ/Kz’
reX

Similarly ‘% SN (@ — a0)Qriely;| = Op(CkbanCox) as well. So [Xy — Sy| = Op(csiN +
CK(SQ’NCQK) = Op(CKda,NCa,K)- It follows

/
N 1 X . A _
|ICnsi1] = = mi(v)exi | EnH{EN — ZN}ENl mi(0)e K
N
i-1

=1
= 0(C ke CicBan) = 0p(1)

by assumption and Lemmas 3 (i) and (iv). Finally Cnse = & SN, Pi(m(q0)|ex)? L v by

assumption. The conclusion follows.
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